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ANALYSIS OF ARCH 


ERI 


Sy NOPSIS- 


‘The advantage that cai can fr equently be. gained by increasing g the thickness 
7 of ' arch dams tow vard the abutments i in \ order to allow for the larger moments _ 
_has made it desirable to ‘find : aw vorkable expression for such thickening. ‘This 


‘expression must be. sufficiently flexible to per m it any degree of thickening and, 
in addition, should be. adaptable to mathematical analysis. These criteria 
were found to be satisfied l by the law of variation of thickness that was made 
the basis. for the formulas and curves presented i in this paper. 
Thed — formulas are long and co 


“of f their use are g given following t of the general f 


s the use of the — formu ilas - 
ile 


tically w ith a slide rv 


d curves, stresses deflections can be 


, without the aid of tables or a computing 


“This simple procedure permits, much more readily, the selection of 


an arch of the most economical dimensions to fit giv en 


Notation. — —The letter symbols introduced in this paper are defined wo 
first appear, in the text, or by ‘illustration , and assembled alpha- 


betically in the Appendix for convenience of reference. 
Summary of Theory.— —Solution of the problem of finding a workable expres- 


sii for the thickening of arch dams toward the abutments is based on the 
method of analysis used by the late William Cain,2 M. ASCE. In so far as 4 


__. Notge.—Written comments are invited for aaa the last discussion should be submitted by 7 
Bngr., Sacramento, Cali 


“The Cireular Arch Under Normal Loads,” by Cain, ASCE, Vol. LXXXV, | 
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tm 
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A ARC cH DAR A MS 


accordance with 
those used by Mr. Cain, to facilitate conta by those familiar with the 


in which tis “ee thickness at singular distance eg! from the crow n; to is s the t thick- 


ess at the ) OTR; and aisa factor (usually v varying from 0 to 1) by which the 
is multiplied before taking the ¢ cosine. or example, », if i= 30 ft, 


eos (0.5 x 10) cos 


Ww a= =0, t at any point = t, 1 = t, whi ‘re an arch uni- 
tat any poi o/1 = which prese ts an arch of 


form thickness. The moment of inertia J at any point is 


af 


. 1.—ELEMENTS OF H Rune 


Throughout paper the subscript e will indicate location, 


tthe intrados, o the crown, 1 the abutment, and ¢ the temperature. ets iad 
4 


Moment 


y ived | by Mr. ¢ 


— 

law of variation of thickness of 
— 
4 

— 

yer, that varies in thickness In accordance with the law Be 

= = 

— 1. 

4 
Using Fig. 1 to define the symbols, the equations der 


Determination of Substitution Factors. —Taking - partial: derivatives of 


= r(l — cos $). 


The internal elastic w of the sen semi- -arch i is 


the of Alberto the of the unknowns, M. 
; and P., can be found by letting dL/dM, = 0: and dL/dP, = = 0 and solving. F. 
wi Since the ‘shear at the crown is 0, these are the pers unknowns: to be found 
Differentiating Eq. 13, dividing the result by aM, and ‘remembering that 


dM/dM, = 1, dP/di M. = 0, and dS/dM, = 0, the simplified result is 


“Systémes  Blantiques,” te Alberto Castigliano, p. 265. 


ARCH DAMS — 
| ther at any coordinates are (r, wil 
o 
— | 
= 
— 


4 ARCH DAMS 
wr. 


and 


a 
Jo 


cos? ab = } (cos + 3cosag).. * 


Eqs. 18, 19, and 20 in 


(cos $ cos 3a¢ om dg) 0..(21) 
iltiply this integral expression by 4 and | to obtain 


wre 
/ 
4 If the expression in brackets after U is designated C and that after W/2i is 


— 


Dividing the differential of Eq. 13 by dP, gives 


> 


' 
— 
: 
— 
4 
= 
af 
we 
Gi 
as 
ap 


ARCH DAMS 


Int the first orm of | Ea: 25 the values of M and from 1 Eqs. 1 15 and 
16a are re substituted. ‘ This term becomes | | 


cos cos? ag de 


(1 + cos2 cos 2 2 and s substituting the values of 
wU and Ww as given i Eqs. 18 and 19 and also the value for for ce cos* ‘ad, Eq. 26 


+ cos 2 ¢) 3 cosa a dg]. . (27a) 

7 he e expression a after U/4i is the same as that after WwW /4 i in 1 the. e integral ex 
pression i in n Eq. a. _Intesration of this term gives U B/8. Integration of of th 


cos 2 $) cos3 ag dg + (1 
¥ 


e 


sin sin (2 +34) 


_3sin a gi 


4 3sin (2 + a) 3 sin (2 + a) 3 sin 


ee expression i in brackets i is now , designated A 


— 


the second term 1 of 25 of Pie given in and the value 


dp 


P,) cos cos ag 


“Substtuting in Eq. Values Of /dP.,, dP/dP., and dS/dP, from = 
| Kgs. 108, 11, and respectively, and utilizing Eq. 14, 
— 
| 


pr 


or r — P,) si a , sin (2 sin n (2 
2(2+a) #£2(2 
The: oupeuaion | in the first set of brackets is ‘designated K = + that i in 1 the 4 


second set is The simplified form of Eq. 30 then becom 


r =P) p 


In the third term of | Eq. 25 the values of S and ¢ from Eqs. 8 and 9 are are 
and for the sin? the term cos 2 is 
4 2.88 Po — 2 ¢) cosa odd. 


the expression is designated J, Eq. 


[ 288 pr 


§ to | 
After ‘integration of Eq. 95 complete : simplified form is 


of and P, are determined by si ‘solution of Eqs. 


23 and 35 35. Eq. 23 23 is multiplied by B/4: we 


35 is multipli ed by 2C: 


<= 
4, 
&§ 
— - 
f 
ye 
— 


@ 3 sin (2 + 3.4) 4 sin (2 —3a)q sin (2 — 3a) di 


sin at 3 


gin 


(2 — 


(43) 


sin ag: _ sin (2 +4) dr si 


a i Ibe noted that the terms i in 1s in factor C are the sa same as the first and fourth 


in factor A; the terms of factor K are one third the value of the last two terms _ 
in factor B; and factor Ji is the same as factor F, except that the signs of the ; 
last two toes: are minus instead of plus. 

Derivation of Simplified E Bquations- —In 23 the values of factors U and 


Clearing terms, 


| x - e factors 
4.40) 

— 

sin (2 + @) | 
= | | 
| 
— 
— 


in 


ARCH DAMS 
wre. 


» *- 


)r 


Using Eqs. 7 8; 39b, 46c, thrust, and shear at any point 
1 the arch can determined. 


T 
Unit stresses ses are de determined by th the 


‘Dei FL LECTION, 1, OF THE CROWN 


|The integral ex expression for - finding the coefficient of deflection, ‘ in terms of 
(5 0) 


(cos 3a ad +3 3 cos a 08). 


ae 


___ 4“The Circular Arch Under Normal Tana,” by William Ca Cain, 
1922, p. 270. 


r (1 — cos ¢) = (pr (5 4 
— 
(49) 
. 
— 
: @..(5la) | 
In the secon 


| 


rsin cos a (pr- 
Th the third of Eq.. 50 equiv values of S and are 
| sin cos ¢ cos ag dg. 3) 


51b, 52b, and 53 are now limits 0 and by 
remembering that for @ = = 0, cos = 4, 
3B/1—cos(l1+a)¢ , 1 —cos(l a) dh \ 


© 
n 
w 
| 


= 


+ | 


— cos (1 +a)¢; , 1 — cos(1 — a) 


; in which n is the radial deflection of the crown. = aad 
Integrating the second half of Eqs. 52b and (53 giv 


times the expression in brackets in the last. term of Eq. 54. LA 


‘ombining, —i= 0.47. 


The values of (p r — P.) and B/C have been determined in finding the - 


in the arch, _ Therefore Eq. is simplified by introducing these values 


6 ae 


— 
wie 
| 
16 
) 1 — cos (2 + a) Pi, 1 — cos (2 — a) (54) 
por 
va 
|. 
| 


the symbols, N, ‘R, and V in Eq. 54, 


(2 
4 


+3Q)-(R+3V 


i 


Let ting e equal the change in length per foot for a rise or fall of one degree 
di in temperature, letting T be the number of degrees change i in temperature, and 
E be the modulus of elasticity, He Tt ‘then represent the force 
Mr. Cain® 6 gives ‘the method for determining the temperature stresses and 
deflections caused by temperature changes. Since the procedure is almost. 
_ identi al with that used i in developing | the stresses caused by w water load, it i is . 
unnecessary to extend this paper by a repetition of the pro process. “ie ae a 
The functions resulting from stresses are proportional to those caused 


water with a ‘Tatio of It shoulk 


* Having computed in a given en problem the cine of P, M, S, and n 1 for water 
pressure, the temper ature stresses can be determined from the following ratios: 


S 
pai. 


‘The signs, ‘indicating the direction of action, are omitted i in ratios and 
“can | be determined by the application o of the following set | of rules: For a — 
in temperature, ‘the thrust is in the same e direction as that, ‘resulting from the 


= load, but the moments and deflections h hav e signs 8 opposite | to tl those caused — 
by ora Ww water load. _ Fora a fall i in n temperature, these conditions are rev versed. a 


‘The a average is used i in determining stresses 


5“The Cire ular Arch | h U Under N Normal Loads,” by! William Cain, ei, ASCE, ‘Vol. “LXXXV, ig 


1922, p. 245. 
¢ Discussion by William Cain of ‘ in Thick Dams,” by B. F. ibid., Vol. 


| 
aa. 
| 
| 
— 
i 
— 
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of the determination of changes. 


ermination of tem : 
The : average thickness ‘is found I by first determining the area A of ti 
arch ring. 


) c 
n integrating bet betw een the limits zero and 


_2 2.3026 


_ The form mules derived can be prov ved by letting a a 
. Cain’s or iginal formulas. simplicity, comparison is made of the 
of the deflection coefficient n, since this coefficient includes the term (pr p= P.) 
or its equivalent, and thus the formulas for (pr -P o) and for n are proved 


‘It is first ey ry to determine the values of the terms . A, , 4 and ‘the 
= of 4, Sindag becomes 0/0 when 


| 


fourth term of A is s equal to 3 


ai Ww hen a = 0, the terms of this | = assume the svn values: 


"ik 


br is within the limits of accuracy — 
— 
is ay 


{ 


and 
In Eq. 58 substitute f for Z, Q, and (pr P,) their in terms of the 
7 tol tors A, B,C, and s so on, when @ = 0, and remembering that 0.47 = 2.88 — 1/4, _—f 
p 


x8 el —cos (1 —cos $1) (1 —cos 2 1-cos | 


+ 
4 


r 


Place pr ¢ r outside the brackets, ‘simplify, the “numerator and denominato 
multiply e: each by and multiply the term cos )b by the denominator 


in order to combine with the numerator to give © 


-Numerator.— 


2 sin? 2 sin? 


sin 2 sin 2 $1 


¥ 
sin 2 
a+ 


Combining, 2 sin? = 1 cos 2 6 = 
2 2 o= 2 sin ¢ cos ¢1, the reduced 


— cos ¢1) (1 =) — sin ¢:) +280 = 


This is identical with the | n, as derived by Mr. except 


jo, used in place of 


— 


| j 
$2 
2 (1 + cos (1 — cos) and 
| 


4 
4 
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jo sanjea 
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Values of (=4 Central Angle), in 
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Values of ¢ (=} Central Angle), in Degrees 
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List oF ForMULAS AND ‘Curves 


For convenience, working formulas and curves for determination stresses: 


can be taken from Figs. 2 to aa 


(thickness at point 6) 


Po (thrust atcrown) 

P (thrust at point ¢) Si 

(shear at point ¢) 


“4. 


(pr — Po) 


Pt 


an. 


(temperature thrust at point ¢) 


— 


pr(pr— Pine 


Fel 


> 


a (in radians) 


4 


the curves, 1.5 (2A — BY/C) is called ¥. 


and the terms. and 2.88 J 


(F + 2.88 J) 


are combined. In 1, Eq. 39¢ is substituted Eq. 39b by inserting the 


changes nc noted above 


UMERICAL EXAMPLE 


example of use of ise of the formulas and curves: for determining the 


based on the must on exceed 800 Ib sq in. ‘and 


‘it is has already been designed) and by the abutment 


4. 
— 
— 
— 
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Ss 
an 
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VALUES OF THE TERM 
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Vatues of ¢ (= 
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nee 
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50 


ALUES OF THE f ACT 


Central Angle), in Degrees 


2 


Values of ¢(= 


—\ 
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ad ‘ 


DAMS 
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Gr THICKNESS 


RA 


> AVE 


2 
a 
a 
20 
c 


1 
2 


| 
| | — 
4 
= 


RCH 


to the points A and B. - For the first ‘step in the procedure, lay off 15 ft from 
4 points A and B along 2 hic enhees to the points D and E, draw DE and its _ 
perpendicular OY. Y. Select the point C on | line OY at the upstream 
position | permitted by prescribed and field conditions. Lay of off line e 1 ft 


from point C along line OY. 


11.—Arca ror NuMERICAL EXAMPLE 


"points D, F, and E. 85.5 ft and DE = = 306 ft, or ft. 
radius may now be determined by geometry and ting or from the equa- 


r= Solution: of equation gives r= 180 The 


— 2FG 
central angle, ¢, is next and found to be 58° 


ceeding steps are as follows: 


| 


men a 
Enter Fig 9 with 9 with = 0.80 and = 58° — 1 10" 
10 it is 
= 24 > x1 0775 = 25.85 ft. “Next, determine pr=p (r+ With 
ae 140 ft, pike 140 X 62.5 = 8,750. Then, pr = 8,750 (180 + 25. 85/2) 


1,687,000, and = 56.25. 
3) From Fig. 2, K is found to be 1.600. Bsc Fig. 3, ¥ is found to. be 
0.352. rom Fig. 4 (F + 2.88 J) ia found to 
swt 


= 119,000 


7 — viously desi ings and @ w ater head of 140 ft ae 

ective crown and abutment thicknesses should be 24 ft 

— 

— 

Mee 

P,=pr—(pr— P,) = 1,687,000 — 119,000 = 1,568000Ib 

=pr—-(pr—P,) cos @ = 1,687,000 — 119,000 x 0.5275 = 1,624,000 Ib. 


From E c an and Fig. 5 be 
(p 19 ,000 » x 180 x (0.8632 
= (pr 0.5270) om 
= 7, 200, ft-lb lb. 
(7) Unit _— in pounds per square inch are found by use of Bq. 49, be 
1,568,000 6 X — 2,930,000 _ 
X 24 144 X 576 


307° ~=—«2144 X 900 


(8) Temperature stresses are found | by use of Eq. 59a by « asst yuming a fall in 


—= 10° and a value of E equal | to 360 ,000,000 Ib per sq ft, EeTt' 
= 360, 000, od x 0. 0000055 610 0x 25.8 86 - = 512, 000 ‘The: ratio of 


= = = 0. 303, and = 0.3 303 x ‘119 ,000 = 36, 100. H, cos 
% Pr = — 36, 100 Ib >and Py = 36 36,1 100 x x 0. 5270 = 
The: signs : are minus because of a fall in ‘temperature. —_ 


Ma = 303 X 7, 200, 000 = 2,180,000. 
Again using ™ 49 to find the stress in pounds per square inch, = 


: 666 


- The total stresses are found by combining the results of steps (7) and (8) 
Extrados st stress Intrados » stress. 
+ 54 = 720002 74 = 168 
43 105 =— 62 709 + 97 = 


wa Deflection n of the arch ring ii is found by Eq. 58 and Figs. 6, 7, and 8: _ ised 


(pr — Po) + 


= [ (56. X 0.308 + 0.47 X 0.618) (119, 000)] 
426) 


0.0586 ft = 0.704 in. 1. water | pressure ure only. 


: 

— 
yr 
— 
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| 
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io 


ARCH DAMS 
= 0.303 Sines that aii water Therefore, total 


=0. 915 in. Ban 


of this amount will poe stresses 
at the foundation. To avoid this s contingency, ‘several arch dams in California 
have been built with a slip. joint just above the foundation, permitting the upper — 
Be of the dam to deflect freely over the base. — _ The author first suggested © 
the use of ' this device i in 1930 to a avoid ¢ excessive local stresses at t points where 


there was a very y abrupt change in the profile. of one of the abutments of a dam 
under construction. Since then it has been in several dams to avoid 


‘striotly correct, but. the error is s very small and well within the | limits of i 
terminate values of other factors, su such as 2 o and the effects of vertical beam 


al 
7. ¢ 


a 
4 


“SIMPLIFIED A ARcH Layout 
at the crown, the use of the average thickness, ¢’ , gives a a value of p? r 
7 slightly i in excess of | of the true value, while at the abutment the : reverse is true. fa 
_ Also, true radial pressure exists only at the crown, but the neglected component — 
at the abutment, if it were re used, v would slightly reduce the values of unit stresses E 
since it would reduce the moment at that. point. the ‘example given, , the 
error in the values of the unit stresses is less than 0.50%, and this error will be ae 


less than 1% i in all but very extreme 
a For simplicity of construction it 1 may be desirable to use true circles for the 
_extrados | and intrados. The locations of the centers and length of the ‘radii be 
are shown in Fig. 12 and Eqs. 67 to 74. 


Xie 


— 
— Deflection for temperature 
deflection = 1.303 x 0.70 
— | 
— 
: 
— 
4 


= 


+ sin 


- 


|) 
nilarmanner, 


An arch in ile in this ‘manner would require a a slight | increase in the 
amount of concrete, as it is slightly thicker at the quater points than one laid 
- out in accordance with the feo mula ¢ = ——“—.,, but the difference is not. 
enough to affect materially the stresses determined from the curves” and 
= 
: _ formulas of this paper. Eqs. 62 and 63 are not applicable for determining the . 


area and thickness unless allowance is made for the additional thickening at 


the quarter points. 


SUMMARY 
_ The formulas and ¢ curves presented i in this paper are for ‘Sus determination 


thickness, ‘The may ‘be modified by the vertical 
= or so-called “cantilever action” of the dam, but, if the arch j is genie to a 
take full water ad temperature loads, there need be no concern about. the | - 
For any given site , the arch dam with the minimum ‘iiiaiies of concrete 
Ww will be of the variable radius type. This’ will have a considerable over verhang : at 
7 & abutments on the upstream side, but, if the rock topography permits, = 
_ amount of this overhang can be reduced by placing the upper a arch rings down- 
stream with respect to the lower rings , Tesulting i in a portion of the overhang 
being at the crow vn on the necessary, conerete supports 
can be placed under the. upstream overhang, and these can be so designed that 
they will not interfere with arch action. — This has been done in several cases E -: 
in California. . Ins such a design as tl this, it will be found that very little ‘if any _ 
saving « can be made i in the thickness of the arches by attempting to give , credit 4 
k done y cantilever action. In this connection it should be pointed 
ral published articles, ease of computation, the vertical 
m assumed to have parallel faces, giving undue credit to the © 


| 
im 
- 
4 


‘ 


stiffness of ‘the « cantilever: s. If the ratio of t/r i is 0.3, 3, ‘thet thickness 0 of the down- 


3 stream face of a vertical slice is only 74% of the thickness at the upstream face, 


and the relative stiffness, compared with a rectangular beam, is If 
is | 0. 5, the corresponding ag values are 60% % and 78%. 
_ By a few simple“computations it ‘will be found that the initia height 
a an arch dam, within the limits of practical d dimensions and of allowable unit 
- stresses and without excessive tensile stresses at the extrados near the abut- 
ments, is between 300 ft and 400 ft. However, by use of the sliding joint with 
a gravity ‘section below. that elevation, the: deted height of a a dam i is not | limited; 
and with the aid of the formulas and -eurves presented, a structure with a 
minimum volume of concrete can be eee 


The author gratefully acknowledges the valuable assistance of Joseph 


Bastow, M . ASCE, in n the he development « of the > basic for mulas during the early 


stages of the pr preparation n of the | paper. . Credit i is also due to Clifford J. Cort- 


P a : right and Carl L. Stetson, J. M. ASCE, for their valuable aid in the — ‘ 
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The following letter adopted the paper and for the 

a of discussers, conform essentially with “American Standard Letter Sym- 
- bols for Structural Analy sis” (ASA—Z10. 8—1942), prepared by a committee 
of American Standards Association with ASCE participation, and —— by 


A; B, F, Q, R, Y , Z are abbreviations for mathematical 


= the in expression t= o/ COs (a $); 


= change of length per unit for a domes of one in 
perature; 


thrust due to temperature and to (pr r— 


Hand V. = = respectively, the horizontal and vertical components of te 
loads at the abutment; 


M, moment the crown, taken positive 
= thrust at the in per s 


= radial pres pressure in pounds per on 
| 


= = radial pressure, in per square foot, on extrados; 


component of the arch lo loads on the segment CD 4 r sin 
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= total of degr ees change; 
thickness, in feet, at any point, 
= ‘= radial thickness, in feet, of arch at the crown; 


average thicknens i in feet; 


= angle between radius at crown and any point, D and 


» 7,4 


= the half central angle « of arch. @ 
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_ abutment and “¢” for temperat 
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